INTRODUCTION
The approximation of stochastic processes and its relationship with integral calculus is an old and fascinating subject. Semimartingales that are often used to define stochastic integrals, are somehow sensitive to approximation: The limit of when 8 goes to 0 depends on the approximation of both processes X and Y. One of the most famous stochastic calculus, the Stratonovich calculus, can be viewed as the limit of such approximated integrals when a linear interpolation of a discrete sample of the driving process Y is used to construct yo. If we take the Stratonovich calculus as the starting point of our study we can make two remarks. - The Stratonovich calculus can be also presented by adding to the Ito calculus a correction term which is related to the quadratic variation of semimartingales. In this paper we consider the approximation associated to the linear interpolation as symmetric because the correction term is symmetric in (X, Y).
Although Stratonovich calculus is very popular for applications since the seminal work of Wong and Zakai [ 17] , it yields also very important consequences for stochastic differential geometry since it obeys the ordinary change of variable formula. For (2000) Hence our first aim has been to find the geometrical nature of different methods of approximations proposed for vector valued semimartingales, where the limit cannot be expressed as a Stratonovich integral ([4,6, 10,11 ] ). One can also find a very general study of approximations of stochastic differential equation in [15] . Actually the common feature of theses examples is that the limit of dy8 involves a skew-symmetric term which has to be added to the usual Stratonovich correction.
In Section 1 we show that an intrinsic skew-symmetric bracket can be constructed for manifold-valued approximated semimartingale. In many respects the skew-symmetric bracket behaves like its symmetric counterpart, the b-quadratic variation introduced by [3] . But we shall always remember that the skew-symmetric bracket depends on the approximation rule used to transform semimartingales into finite variation processes whereas the b-quadratic variation does not need additional stucture to be defined. To understand better the skew-symmetric bracket we study its relationship with interpolation rules. Actually we propose a very natural definition of a general interpolation which is a smooth family of paths {7(jc, y , t ) , t E [0,1]} indexed by every pair of points (x, y) of the manifold and we show how to compute the skew-symmetric bracket associated to the general interpolation rule. At this point it explains why various extra assumptions are given in [1, 3] which are only useful to ensure convergence to Stratonovich integrals.
In Section 2 we look at the influence of non-symmetric approximation of the driving semimartingale on the integral of a 1-form. We then introduce a second order calculus that takes into account the nonsymmetric part of the approximation rules and which extends the second order calculus of [3, 12, 16] . Moreover this general second order calculus yields a probabilistic interpretation of the "Leibnitz" differentiation operator d2 which has been recently reintroduced by [13] .
The last section of this article is devoted to the approximation of stochastic differential equation between manifolds. Once again we prove that a correction term has to be added to the usual Stratonovich limit equation, when the driving semimartingale is non-symmetrically approximated. From a technical point of view the approximation theorems of [10] or of [4] On the other hand, by formulas (2) and (3) (i) I (x, x, t) = x, I (x, y, 0) = x and I (x, y, 1) = y ;
(ii) t t-~ I (x, y, t) is smooth; (iii) for k = [ 11 ] (see also [6] At this point we adress the problem to find a non-symmetric approximation which is intrinsic.
Approximations by general interpolation
A careful look at the proofs of the convergence of Theorem 7.14 in [3] and Proposition 3 in [ 1 ] shows that some assumption is needed, in the definition of interpolation rules, to have the increment "I (x, y, t) -x" (considered in Rm where the manifold is embedded) that (i) I (x, x, t) = x, I (x, y, 0) = x, I (x, y, 1) = y; (ii) t ~ I (x, y, t) is C1 on [0, 1] and (x, y) ~ I (x, y, t) is C2 on a neighbourhood of { (x, x) ; x E M} uniformly in (x, y).
Example 4 was the starting point of our interest in this problem. But the interpolation (8) is not a general interpolation in the sense of Definition 1.7 because it is not given by a deterministic interpolation rule.
Moreover this random interpolation rule is not smooth (C1 ).
We then consider approximations of M-valued semimartingales constructed as in (7) which in view of (i) and ( 10) ( 16) is. When M is embedded into Rm, the right hand side of ( 16) This question has been already solved by [ 12, 16] and [3] when the skewsymmetric bracket is vanishing and it leads to the second order calculus. In this section we present a general second order calculus that takes into account the skew-symmetric bracket. Because the second order calculus is not yet familiar to most probabilists we only give an outline of this presentation and we will not use the notations introduced in this section later in the paper. Following the spirit of Chapter VI in [3 ] the easiest way to give sense to the "non-symmetric tangent element of order two" of an approximated semimartingale, which we denote by "T X ", is to define the "dual" space of forms which can be integrated against "T X ". This dual space has been already considered among other geometric concepts in a paper from Meyer [13] . In our framework we only use the second order forms that are written if is an embedding of M into Rm . Although you can find the geometrical definition of d21, di , d2 in [13] , a way to understand the meaning of (18) ( (2) In the particular case where G is the 3-dimensional Heisenberg group, an effective computation is possible. Each is denoted by the R3 -vector (x, y, z) with the multiplicative rule (x, y, z) x (x', y', z') = (x + x', y + y', z + z' + xy'). The Lie algebra associated toGis and is identified with R3.
Then (see [5] p. 371 ) for any ~-valued semimartingale X = (Xl, X 2, X3), the stochastic exponential of X is the G-valued semimartingale 
